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What kind of  singularities can appear in scattering amplitudes?
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• Poles
tree-level Feynman diagrams

• Square-root & log branch points
loop-level Feynman diagrams

• Branch points of  arbitrary order
Regge limit or dimensional regularization 

• Essential singularities
high-energy limit

• Non-holonomic singularities
O(N) sigma models

• Accumulation points etc.

or



Analytic functions often have another
type of  singularities: natural boundaries
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Pole
(real codim-2)

Branch point
(real codim-2)

Natural boundary
(real codim-1)



Can scattering amplitudes
have natural boundaries?
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S-matrix archeology
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Similar question asked previously by
[Freund, Karplus ‘61], [Schwarz ‘65], [Aks, Gilbert, Howard ‘65]
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Lacunary functions: example
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Analytic in the unit disk,

Obvious singularity at           :

Lacuna/gap



More singularities
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Singularity at every root of  unity of  the form

Natural boundary: dense accumulation on the unit circle
preventing analytic continuation
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2 → 2 scattering amplitudes of  identical scalar particles
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Mandelstam invariants:

Scattering angle:

Mass



Complexify   : the physical sheet
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Two-particle threshold
(square-root branch point in )

Three-particle threshold
u and t-channel thresholds

Physical region



Second sheet of  the                branch cut
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Natural boundary?
1PI resummation of  propagators



Define as analytic continuations of  
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Hence their difference is the analytic continuation of  the discontinuity 

Use the optical theorem

with

Known analytic properties

Unknown
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Elastic unitarity
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Unitarity,                 , embodies the physical principle
of  probability conservation. Using                      :  



Analytic continuation of  elastic unitarity
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where

RHS has a singularity when



Discover new singularities iteratively
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Both      and      have known t- and u-channel normal thresholds
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Every edge on-shell
(not Feynman diagrams)



Discover new singularities iteratively

18

Gluing two such singularities gives a new set of  (Landau) singularities
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Discover new singularities iteratively
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Repeating this over and over gives ladder-type singularities
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Consider a small subclass of  singularities
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Planar ladder diagrams with equal number of  rungs:

Winding number

Solving for the singularity in :
times



Natural boundary
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Cosine densely covers the interval.            as

Fix the scattering angle 



Natural boundary at fixed complex scattering angle
(          singularities plotted)
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Accumulation as



Natural boundary at fixed momentum transfer
(          singularities plotted)
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Accumulation as
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Thank you!
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