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We wouldn’t be here
it scattering amplitudes were easy to compute
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Divergent Box Integral 15:
Page contributed by R.K. Ellis

We can calculate this IR divergent box integral from Eq. (2.11) of ref.[1], using the simple replacement

rule In \* — = + In *. We obtain
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Note the reversal of the arguments s, ¢ to conform with the notation of [1].
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The variable z; is defined in terms of the function K, such that z;, = —K (s + ig, mg, my) and K is given by
N 1=y/1=dmm’/[z—(m—m/)?] N2
K(Z, m,m ) o 1+\/174mm’/[zf(mfm’)2] Z 7é (m m )
K(z,m,m) =-1 z=(m—m)?

= () (1) () e

where Ej(x) is the elliptic dilogarithm
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[QCDloop repository]

[review Vanhove ‘18]

complicated functions of
Mandelstam invariants, masses, etc.
even in the simplest examples




Motivating question:
Can we predict the singularity structure of the S-matrix

without explicit computations?

Applications:
* S-matrix bootstrap program
* Dispersion relations & EFT constraints

* Crossing symmetry & imprints of causality on scattering amplitudes



Little bit of progress in systematically answering this question in the 60’s
(mostly theories with a mass gap at low-loop orders)

[Bjorken, Landau, Nakanishi, Bros, Epstein, Glaser, Fotiadi, Froissart, Lascoux, Pham, Bogolubov,
Steinmann, Ruelle, Araki, Iagolnitzer, Chew, Symanzik, Eden, Landshotf, Oliver, Polkinghorne, Taylor,
Cutkovsky, Regge, Chandler, Cahill, Stapp, Wu, Boyling, ...]

More recent geometric approaches to massless scattering

(mostly planar N' =4 SYM)

[Arkani-Hamed, Bourjaily, Cachazo, Goncharov, Postnikov, Trnka, Dennen, Spradlin, Volovich,
Prlina, Stankowicz, Stanojevic, Gurdogan, Parist, ...]



Plan for the talk:

* What is the physical meaning ot singularities?

— Saddle points in the wordline formalism
— Fluctuations around saddles

* Applying tools from computational algebraic geometry

— Landau discriminants
— Results and the package Landau. jl



Path integral for a given scattering process:

3\’».. e worldline action (free)
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Contribution from a single worldline Feynman diagram:
(equivalent to loop momentum integration)

Schwinger parameters e=12.... E
\ / (localized) worldline action
> dE (87 i
NenrV
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UYD/2
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polynomial numerator encoding interactions

determinant of the Laplacian



The worldline action takes the form

V= — sz"pj gz’j — ng Qe
1<J r\ e r\

Green’s function internal masses

Green’s functions treated as functions of Schwinger parameters e




Non-trivial fact:
All kinematic singularities arise in the classical limit, A — 0

Therefore, they can be determined by saddle-point equations
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Ol 0, e=1,2,...,E

boundary saddles bulk saddles (putting the e® edge on-shell)



Wordline action is special because of homogeneity under dilations:

V(dae) = AV(ae)



Three important consequences:

* The action vanishes on the saddle points, )V = Z e —— s =0
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degree of divergence

* Integrating out the overall scale gives /

* Fl equations on E—1 independent Schwinger parameters,
leaving at least one constraint on the external kinematics



For instance at 4-pt, in terms of the Mandelstam invariants s and ¢
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These are known as anomalous (or normal) thresholds:
intrinsically Lorentzian phenomena,
at least partially encoding causality in perturbation theory

* Most singularities of the S-matrix have complex
Schwinger parameters & Mandelstam invariants

* Kinematic space has an extremely complicated sheet structure



Elementary example:

~ internal masses 777

” external masses V]

+ M?(a14as)a
V: SOX1 (X2 ( 1 2) 3 _mg(&1+a2_|_&3)
()41—|—042—|—O£3

Bulk saddle: s = M? (4m2 — MQ)/m2

Boundary saddle at aig = 0: s = 4m?
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To summarize, the perturbative S-matrix has singularities of the form:

worldline formalism loop momentum space

, internal momentum qé‘
Schwinger parameter

a. €C
(proper time)

saddle points of the worldline action V internal momenta going on-shell
oV _ 0 g —m; =0
Oa,e

(plus additional constraints)
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The type of singularity is determined by studying
fluctuations around the saddle points

N l Re(t)

\,@




It the critical point 1s isolated and non-degenerate:
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localizing the localizing the locality implies
: . 7
path integral Schwinger parameters 1 <y €E z
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[with Hannesdottir]

[see also Polkinghorne, Screaton “60]
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Solving for saddle points becomes an extremely complicated task
and — until recently — only a handful of examples were known



Simplification:
The action 1s always a ratio

V:a,

where the two Symanzik polynomials are given by

> oe 7= »i ]I %—UZm e

spanning e¢T spanning  e&Tp,Tr
trees T 2-trees 1T, UTR



Therefore singularities are determined
by a polynomial system of equations
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modding out by su#bleading
and second-type singularities

[Bjorken, Landau, Nakanishi ‘59]



Toy model in a single variable, (1 : o) € CP":
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Singularity can only occur when at least two roots coincide:

A = H(ozf,f)
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Generalization to higher dimensions:

|

F(ae,sr) =0 degenerates = Landau discriminant A(s;) =0
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Landau discriminant gives the singularity locus of Feynman integrals

(named after [lLandau ‘59])
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For the mathematicians in the audience, let us be more precise:

X :=PM 1\ Vopgo1(aion - - - apUg)

space of Schwinger parameters

o0Fa
0o,

incidence variety

Y = {(a,q)eXxIP’(ng) (a;q) =0, e=1,2,...,EG}

TP(Kg) - Y — P(KG)

projection to the projectivized kinematic space
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Definition 4 (Landau discriminant) The Landau discriminant Vg of a Feynman diagram
G is the subvariety of P(Kg) given by the Zariski closure

Vg = mpc,)(Y) C P(Kg) (12)

of mp(x)(Y) in P(Kg). If Vg is a hypersurface, its defining polynomial Ag (Vg =: {Ag = 0}),
which is unique up to scaling, is called the Landau discriminant polynomial. If V & has codimension
greater than 1, we set Ag = 1.

Def. 4 in [math-ph/2109.08036 with Telen]
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incidence variety defined by saddle point equations

oV

/ Oae

=0 Ve

space of Schwinger
parameters

(projectivized)
kinematic space

-
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Some concrete questions about Landau discriminants:
For a given Feynman diagram

* what’s the dimension?
* what’s the degree?

e how to compute 1t?



For distinct internal masses one can show that the I.andau discriminant
is of at least codimension-1 in the kinematic space

Thm. 1 in [math-ph/2109.08036 with Telen]

(This is what distinguishes threshold singularities from UV/IR divergences)



To get the degree, simply intersect with a generic line in the total space

Y
X X IP)(ICG') incidence

total variety
space

P(K G ) Va
projectivized Landau
kinematic space / - = '\ discriminant

\

# red points = degree (how complicated the singularity is)
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Some simple examples I

Pn o aq P4
[0
o \ n A Pa p1 1 ( o
m s o P2 l p3 D2 Qa2
P " (b) B d o hEed i
. anana diagram wit edges, P hute di . . .
() Oneoop ngon dingran, & = G By (Soo, 2.6, 4.4) R et Diagram G | codimVg degVg time (sec)
par 1 6 0.176
Pa Ps pa ps 2 acn 1 16 0.489
Qy QY oy
as Di. % env 1 114 13.1
i s as ai as a3
o 7 Q npltrb 2 10 37.2
Qo (6% [67
pi P2 n P2 © s tdetri 1 12 1.04
(d) Acnode diagram, (e) Envelope diagram, (f) Non-planar triangle-box diagram,
G = acn (Ex. 10, Rk. 9, Thm. 2) G = env (Ex. 12, Sec. 3.4) G = npltrb (Thm. 2) debox 1 8 0.366
tdebox 1 16 10.5
P4 P o P N2 pltrb 2 9 24.3
or <> <>
P a2
i J5 o T dbox 1 12 8.64
P2
o = pentb 1 14 62.8
p3 P D2 D1 P2
(g) Twice doubled-edge triangle (h) Doubled-edge box diagram, (i) Twice doubled-edge box diagram,
diagram, G = tdetri (Thm. 2) G = debox (Thm. 2) G = tdebox (Thm. 2)
not necessarily codimension-1
P4 p1 y24 p1 ps
[e71 Qg as ar g
P s a
[e73 as oy [e%4 [e71 P2 Qg Qs
P2 o [e%)
= . .
R Y V™ p/ % N Tab. 1 in [math-ph/2109.08036 with Telen]
(j) Planar triangle-box diagram, (k) Double-box diagram, (1) Penta-box diagram,
G = pltrb (Sec. 3.3.1, Thm. 2) G = dbox (Thm. 2) G = pentb (Ex. 13)



Strategy for computing the L.andau discriminant:

* Write the (finite) ansatz, e.g., A = Z cijklsitjl\/lkml =3
i?j7k7l

* Keep intersecting with random lines until all ¢;jx1’s are determined

* Use homotopy continuation to recycle the results



You can try it at home with the Julia package Landau. j1!
https://mathrepo.mis.mpg.de/Landau/
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https://mathrepo.mis.mpg.de/Landau/

Pn

Qln,
(&3]
m7 2 a3
Do P3

(a) One-loop n-gon diagram, G = A,
(Sec. 2.5)

P4 p3
QY

Qs

Qo
y41 p2

(d) Acnode diagram,
G = acn (Ex. 10, Rk. 9, Thm. 2)

y21

p3

(g) Twice doubled-edge triangle
diagram, G = tdetri (Thm. 2)

P4
Qy
p1 Qs
(o7 Qs
P2 o
(%)
p3

(j) Planar triangle-box diagram,
G = pltrb (Sec. 3.3.1, Thm. 2)

(b) Banana diagram with E edges,

G = Bg (Sec. 2.6, 4.4)

2 p3
Q4
Qg
[¢3] Qg
s
%]
Y4 p2

(e) Envelope diagram,
G = env (Ex. 12, Sec. 3.4)

P4 ay p3
<>
Qs
“ - "
%]
y4! P2

(h) Doubled-edge box diagram,
G = debox (Thm. 2)

p1 P4
Qg Qs
[e3] ar oy
Qg a3
P2 p3

(k) Double-box diagram,
G = dbox (Thm. 2)

Some simple examples 11

P4
n (&3] (
P2 Qs

p3

(c) Parachute diagram,
G = par (Ex. 15, Thm. 2)

y 2
Qy
p1 as
Qs
p2 ales
Q2
p3

(f) Non-planar triangle-box diagram,
G = npltrb (Thm. 2)

P4 as p3

>
[e 5] ﬂ Qy
=
[e%]
Y4 P2

(i) Twice doubled-edge box diagram,
G = tdebox (Thm. 2)

y4! Ps
(6774 ag
[e5]
P2 ag (073
Q2
az Q4
P3 y 2

(1) Penta-box diagram,
G = pentb (Ex. 13)
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Diagram G Va(€) tsymb toum
par [1,2]; 0.2 0.5
acn 4, 8]1 175306.0 1.4
env 8,8,8,9,12]: X 1226.1
npltrb [1,1]4 1.9 4.0
tdetri 2]1, 1] 8.1 1.2
debox [3]1, [1]2 7.9 0.5
tdebox 12]1, [1]2 1476.8 4.3
pltrb [1,1]2 0.6 X
dbox 2,4]1 13634.2 4.5
pentb [12]4 X 815.9

classic elimination f \

theory with Macaulay?2 Landau. jl

Tab. 1 in [math-ph/2109.08036 with Telen]



Pn n

(&3]

P 2 a3

Do P3

(a) One-loop n-gon diagram, G = A,

(Sec. 2.5)
P4 p3
Qy
a1 Qs a3
Qo
Y4 p2

(d) Acnode diagram,
G = acn (Ex. 10, Rk. 9, Thm. 2)

Pa
a1
P1_ Q2

P2 [e%3
Qg

p3

(g) Twice doubled-edge triangle
diagram, G = tdetri (Thm. 2)

P4
Qy
p1 Qs
(o7 a3
p2 o
(%)
b3

(j) Planar triangle-box diagram,
G = pltrb (Sec. 3.3.1, Thm. 2)

(b) Banana diagram with E edges,

G = Bg (Sec. 2.6, 4.4)

yz p3
(7%
Qg
[¢3] Qg
Qs
%]
P1 p2

(e) Envelope diagram,
G = env (Ex. 12, Sec. 3.4)

y 2 a4 p3
<>
Qs
“ - "
(%]
Y4 P2

(h) Doubled-edge box diagram,

G = debox (Thm. 2)

p1 P4
Qg Qs
[e3] a7 [e71
Qo [6%3
P2 p3

(k) Double-box diagram,
G = dbox (Thm. 2)

Some simple examples 111

P4
n i (
‘ .
P2 [
p3

(c) Parachute diagram,
G = par (Ex. 15, Thm. 2)

P4
Qy
p1 as
Qs
p2 alez
Q2
p3

(f) Non-planar triangle-box diagram,
G = npltrb (Thm. 2)

21 as p3

>
>
Qs

(i) Twice doubled-edge box diagram,
G = tdebox (Thm. 2)

b1 ps
(6774 ag
i
D2 g Qs
Q2
[e %} Qyq
P3 y 2

(1) Penta-box diagram,
G = pentb (Ex. 13)

par(£) = {(M — m)(M? — 10Mm + 9m? + 4ms) = 0},
npltrb(g) = {m(s - M) = 0}7
Videtri(€) = {s — 4M = s — 4m = 0} U {9m? — 10mM + ms + M? = 0},
Viaebox(£) = {t —M =t —m =0}
U {36m*M — 9m?s — 28mMt¢ + 10mst + 4mt> + 4M?t — st* = 0},
Videbox(E) = {t — 4m = 40m + 4M — 11t = 0}
U {36m? — 40mM + 16ms + 4mt + 4M? — st = 0},
Voierb(€) ={s —=3m=s-M =0} U {s —3m =s —3M =0},

Vabox(£) = {(4mM — ms — 4mt + st) (144m2M2 — 72m*Ms — 96m?Mt + 9m?s?
+ 24m?st + 16m?t?2 — 96mM? + 24mM?s + 16mM>3t + 40mM st

— 10ms?t — 8mst? + 16M* — 8M2st + s2t2) — 0}.

Thm. 2 in [math-ph/2109.08036 with Telen]



State-of-the-art in Landauology:
The envelope diagram

m M
5
Aenv(g) — H Aenv,'ia
i=1

degree-45 curve

37



Aeny,1 = —16sM7 — 432m>*M°® + 205*M° + 192msM°® + 45tM°® + 1728m3M° — 8s3M® — 240ms*M°
— 48m?%sM°® + 216m2tM® — 8s%tM® — 72mstM® — 2592m*M* + s*M?* + 96ms*M* + 492m?s>M*
—27m%t2M* + s22M* + 6mst?M* — 1280m3sM* — 864m3tM* + 253tM* + 134ms?tM* — 84m?2stM*
+1728m°M3 — 12ms*M3 — 240m2s3M3 — 128m3s2M?3 + 108m3t2M3 — 28ms2t2M3 + 48m?st*M3
+ 2448m*sM3 + 1296m*tM?3 — 40ms3tM3 — 408m?2s*tM3 + 1232m3stM3 — 432m°M?2 + 30m?s*M?
+ 224m3s2M? + 2ms?t3M? — 6m?st3M? — 468m*s?M? — 162m*t2M? + 4ms3t2M? + 136m? s%t2M?
—468m?3st2M? —1728m° sM? — 864m°tM? + 2ms*tM? + 156m?2 s>tM? + 156m>s2tM?2 — 2052m* stM?
—28m3s*M — 72m*s*M — 20m2s2%t3M + 76m3st>M + 432m°s2M + 108m°t2M — 32m?s3¢2M
— 48m3s%t2M + 576m*st*M + 432m°sM + 216mStM — 12m2s*tM — 136m3s3tM + 288m*s*tM
+ 1080m°stM + 9Im?s* + m2s2t* — Am3st* + 2m?s3¢% + 6m3s%t® — 54m?st® — 108m8s? — 27m6¢2
+ m?s%? 4+ 20m3s3¢2 — 45m*s%t? — 162m°st? + 10m3s*t + 18m*s3t — 162m°s%¢ — 108m63t,

Aenv,2 = Aenv,l|s<—>ta Aenv,3 = Aenv,1|t—>u-
Aenv,a = 4m?03 + 64m*M*(m — M)* — 3 (27m* — 2m?M? + 8mM? — M*) (m — M)2.

Acny,5 = 4096M*2 — 65536mM ! +475136m*M*? — 20480, M*? — 2064384m>*M? + 24576mosM? + 204803 M?
+ 5988352m*M8 + 25602M® — 147456m%0,M® + 14336mas M8 — 12222464m5M” — 2048masM”
+ 606208m3coM” — 313344m203M” — 5120503M7 4 18006016m°M° + 15360m?cZM°® 4 12802 M5
— 1847296m*5yM® + 1783808m3a3M® — 8704ma,03ME — 19300352m”M® — 79872m3 M5
+ 2560mo3M® + 4096000m°goM® — 5031936m*o3M® + 82432m?0903M° 4 14946304m*M*
—1024m?o3M* + 230912m*o3M* + 27136m?03M* + 320205M* — 6348800mCoyM*

+ 7350272m5 a3 M* + 1280ma3o3M* — 390656m>0p03M* — 8159232m? M3 + 4096m3 5 M3

— 3203M3 — 374784m502M3 — 438784m302M3 — 1408may0ZM3 + 6602752m” o, M3

— 4241408mS03M® — 4096m2o3053M? + 1171968m*o903M3 + 2981888m'°M? — 6144m*s3M?
+ 1184moiM? + 343040mPo3M? + 1443456m*03M? — 5440m?0,03M? — 4360192m®a,M?

— 1185792m"03M? + 43520m3 0303 M? — 2141696m°g903M? — 655360m M + 4096m°asM
— 7072m%03M — 165888m” 05 M — 242688m°05M + 67200m30205M + 1646592m°oyM

+ 1425408m8a3sM — 129024m*o203M 4 2366976mSc203M + 65536m'2 + o5 — 1024m°o3

+ 13024m303 — 48moyos + 33024m802 — 3433728mC02 + 768m%0202 — 149472m* 002

— 270336m' %0, + 458752m%03 — 4096m3ci03 + 137472mP o203 — 1276416m” 04073,

o9 1= st + tu + us, o3 1= stu. symmetric kinematic invariants
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Re(t)

necessarily on the physical sheet (a. € Ry)




Multiple other applications:

* Landau polytopes, 4-discriminants, toric resultants, ...
* Coleman—Norton analysis of physical singularities

* Counting the number of master integrals

[math-ph/2109.08036 with Telen]



Summary:

* Landau discriminants determine singularities of Feynman integrals
* Computations using numerical algebraic geometry methods

* Implemented in an open-source package Landau. j1



Thank youl



