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Surprisingly little is known about
scattering amplitudes in string theory



Veneziano amplitude

Polarization dependence tg = S P1-€2 P2-€1 €3°€4 + . ..

Anar lI’ —o's)I'(—a't
Agrlee ( t) = —1g Fgl _ a)’s(— O/ti

/ A

Center of mass energy Inverse string tension
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Higher-loop contributions

Textbook definition of string amplitudes Known for low g and n
?

Ay n(p1,02,...,Dn) = / (correlation function)
M

g,n
or 'C My, < Moduli space of genus-g
Riemann surfaces with n punctures

isn’t entirely correct, e.g., not consistent with unitarity
(the integration domain isn’t known)
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(the reason to formulate the theory on a Euclidean worldsheet in the first place RLY
is to be able to use CF'T technology, manifest UV finiteness, ...) i this talk



Why "'31&82 it been a problem before?

Most computations done:

I At tree level

(meromorphic functions)

I At loop level in the o — 0 or high-energy expansion
(branch cut ambiguities fixed by matching with EFT)

[enormous literature: Green, Schwarz, Gross, Veneziano, Amati, Ciafaloni , Di Vecchia,
Koba Nielsen,  DOHoker Phong Martinec, Bern, Dixon, Polyakov, Kosower, Vanhove
Schlotterer , Mafra, Stieberger , Brown, Broedel, Hohenegger Kleinschmidt, Gerken,

Roiban, Lipstein , Mason, Monteiro, ...]
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>HB1$123 (8382 (HHHS)H2H)

(&' =1 from now on)

4 s >0 t <0
A
1 3 = — [ 257N 1—-2)""dz
t 0 Length of the neck

2 / (Schwinger parameter)

212434 _
s-channel poles come from z = ~ (0,soset z = ¢ "Tand take 7 — o0

Z13%24

ts /OOO e’ (#+#€_T + Hre 4T —I—) dr
| t

1 +# #

S s—1 s —2

massless level-1 level-2
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s — m?
v\

Euclidean proper time

oo

5 = lim dm, e

iTL (s—m?+ig)

Lorentzian proper time
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>
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Te > 1
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infinite number of string resonances
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[Witten O13]
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)¢ H—¢ 8
21 2o 23 zy =1

Modular parameter Rij = i — Zj

\ /
. . e 191(221 7’)191(243 7') - 191(232 7’)191(241 7') -
Aplanar L iy / dr / dzy dzo dz ( : : : :
annulus ° 0 P V1 (231, 7))V (242, T) W (231, T)01 (242, T)
0<z1<z9<2z3<1 r

[Green, Schwarz O82]

Jacobit theta function

191 (z, 7') — Z(_l)nGQWi(n_%)z+7Ti(”—%)27

nez



Masstve pole
exchange

q = %243

4
3

2

Wave-function
renormalization

q = 242

B3(+. U018 # , #&H(32+ . &1S&HHE " 82" HIC+LHESD

4
9 1 4
2 2 3
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Tadpole

qd = 241

Non-separating

degeneration
_ 2m
q p— 6 T

Unitarity cuts
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Approach the
essential singularity
from the right
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Closed-string pole

Planar ! 4 1 4 Mobius
1T ) 2 .
annulus 2 3 2 3 strip
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(similar for non-planar amplitudes)

Precise shape

doest’t matter N /)

O % \ Approach 0 and 2
from the right
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Size of the circles

doesn’t matter — Q Q
1
0 2

They’ll give as unitarity cuts of the planar annulus and the Mobius strip

19
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B2, #&%1§ . &#SAHMHI-#T2

Masses squared are integers

/

ny ,

>

ni,n2

N RN IVE

polarizations T !

degeneracy
Thresholds \

On-shell states

Two OptiOﬂS' with positive energy

Do unitarity cuts “by hand” just as in field theory
I Let the worldsheet do it for us
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(not feasible beyond the massless cut)

' >202.76516 | B20/.%@/+%2(*6516

I~~~ 1 1 : " gluons gluinos

23 2\<3 ' l ! ' l ! 2
T P =" |#(1256) t5(3456) — £} (1256) t] (3456) | = %ts

X 101 IIX oz o2
Non-planar annulus I /dD€5+[52]5+[(p12 —5)2](‘“)

D(j\( )::Q\/\( oc/P>OdtL dtgP"7 (---)

3 P e N N




E524 (52" #5 " % 12814122)11

N
= dtr, dtg P(tL,t
s<1  00vstu Jp>o Ldir Pliv, tr)

7 |

On-shell phase space P(ty,tr) = —

['(1—s)I'(—t) T'(1 — s)I'(—tr)
F(l—S—tL) F(l—S—tR)

(][

Im A%

s(t? + ¢ + t4 — 2tty, — 2ttgr — 2tptR) — 4ttLtr
4tu
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New thresholds opening up

/

> wNT(1-s) 5 5
ImAan = 60 v Z (9[8 — (\/nl—l—\/nz) } i dtL dtR Pnl,ng (tL,tR>2
niznz >0 ny,mg >0
ni,n2 Y e o
Double poles at every positive integer L(nitnot+l-s—tL)l(n1+no+1—s—tr)
1 4 T
2 3 Need a computation to determine the integrand, e.g;, Qo,g =1
[ 0 S U No—s—tg, |
. . 1 S 0 t tL—m
with Py, p, = ~Totn det » ; 0 e —tn
no—s—tr, tL—n1 ni—tr 211
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For the purposes of this talk, we only compute a toy model:

Dedekind eta function

= »/O n(r)** n (CT —I—I—_2> = (et +d)2n(r)**

After modular transformation 7 — —1/7:

CO>—>

oL + R

7 _/ dr
R AR
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Expand in large Im 7:

dr dr : :
J = — — (L 2mT 21 + O 2meT
/_> 714 ()24 /_> 14 (e +24+0(e ))

Exponentially suppressed

Close the contour downstairs picking up the residue at 7 = 0

714 ~ 13l
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N I'(1—s)? 5
P _ § : 2 5
ImAan = 60 - 9[8 — (\/nl—l—\/ng) } dtp, dtr Pnl,ng (tL,tR)Q
stu ni=>no >0 Pnl,n2 >0
mE AR Y T (g +ng+1—s—tp ) T(ng+no+1—s—tR)
"#$"%&#'()%*)%+"(%,-./0-1#2.)%!(%0((3(34%(5&54
Qoo =1,
Q1,0 =2 (—2strtr — s%tL + st — s°tr + stg + 87t — 2st + 1) |
Q2,0 = 2s*tLtR + 45 tLth + 4sPtitg — 4sPttptr — 1257t tR + 455ty — 1057 tLtn
/ — 10s%titg + 125%tt tg + 185%t tr — 2stith + 4stpts + dstity — 12sttptg
— 6strtr + Attptr + s*tE — 25ttty — sty — 453t + 1053y, + 453ty + 5s%tE
Encode the spectrum of — 18521ty — 5Pty — 2st? + 1dstty, + 2sty, — 4tty, + st — 25ttty — s'tg
type-I superstring — 4532 + 10s3ttg + 4s3tR + 5522 — 1852ty — sty — 2st2 + ldstty
(computed up to s S 40) + 2stg — Attg + 512 + st — 65312 — 65°t + 13522 + 1352t — 12st> — 12t

+ A4t + 4t . .
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(plots later on)
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all irreducible fractions between 0 and 1 with the denominator < ¢

by, =

e

— |
<tho
apl ANy

o\ [ap



1. ("$7+(7)#1

. . . . B . . L .
Cp,/q = circle touching the real axis at ; with radius 5,7 10 the 7 plane
Cos1 Ci1

Each one is a modular

transform of Cy /4
\ 01/2
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[', = follow all the Ford circles in the Farey sequence £y from 0 to />
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Not a complete circle yet
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We call it the Rademacher contour
[Rademacher O43]

35
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(bosonic open string partition function)

= _i/roo 77(%24 N _ii 2 /Ca/c 77((:24

c=11<a<3
(a,c)=1

Recycle previous
manipulations

36



d! ' d!

cu. ()P (c ()
' | " R
— " (C' -(:.d)14 e! 21 + 24 + O(e2.l )
|’ '
— | d! 120"
o (c+d)i4
_ g 2i (2#)14 2ld
=2 B.e§ (c +d)4  13Icl4

Modular transformation

(ad=1 mod c)

Push the horizontal contour
all the way up

Only one term survives

Evaluate by residues

F #* #650+* 006 BR(GH. )1 (+*64#. UoH6*H-"1(6%2(

—z 27‘(’

14

27Tza
Z rriD DI

1<a<§

(a,c)=
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ST . &TH-2%3))*$1+O4)3(052" #5+&3)(#1%)2 +1

AP — AP_|_Z Z Z An? ,MD,NR,NU

c=11<a<35 ny,np,nr,nu =0

—c—1
Cusp contribution (easy) (a,c)=1ML+ND+NRTNU=

C<th. "+ 1S/ (*=H*Vo(+#." H+HT*/6*6511%()*2<#.
$*496(7%()6%4%+,*"5($+5.#6* 7%6+. %=5+#T7*2(*+ #*&2076H

4

3

(nLa np,NR, nU) - (07 17 77 1)
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Sawtooth function (z)) =z — |z] — %

(arises because of infinite number of branch cuts)

; ng+n ng+n m
1671 e ™ 2a=L.R, b=D,U [5 Yomenas1 Tt mny 1 } ()
AnL?nDanRanU —
@ 15¢2+/stu ZE:

Integrate over the i .
phasespace  —>  xe o (mPmpEmUNY) / dtr, dtr Prog,mo (5,6, tL,tR) 2 Qg my (5,6, L, tR)
(manifestly convergent) P

mp,mu 20

(vmb+y/mu)*<s

mp,my >0

. dni,
F(—tL)F<S + 11, —mp — mU) e2mitL (=) if ny >0
X ( F(S) sin(m(s+t1,)) T n =0 (L e R)

sin(7s)
| Y ) \_'_’

Glue two Veneziano amplitudes with extra phases
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AP = AAP + i Z Z AZLC,nD,nR,nU

c=1 1<CL<% nL?”DynR7nU>O
(a,c)=1nLtnDp+nr+ny=c—1 \

\ Y J ei(phases)

4 sums ~ 64

I Worst-case scenatio (all phases vanish) : logarithmic divergence, o’ — 0
I Best-case scenario (random phases): converges as ~ >..2;

| True rate of convergence somewhere in the middle

40
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(this talk: planar amplitudes in the s-channel only)

We often normalize by sin(rws)? to remove the double poles




+(1265T91252" #5+O3 , +83(*$-3(25. 5 82" "#5-)38.3($3&&%) %1




1_23)87(. L1817 &

(o]
S
s
ndt
- 0
S o

=
g &
wn .=
Zl=
S 3
S e
=
Oh o O O o @ +H o o -~ ©
E D S 2 o @B = F s a8
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a
S |lppEpEopEEDEDOE
O = -

() sin(ms)?

tot
a9

o

/

(s,0)

lg
Im AP
S an

(X_

New thresholds opening up very slowly
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>_4=1-4&38" . O+&3&T#

(cf. [Arkani - Hamed, Huang, Huang O20]'{Bern, Kosmopoulos Zhiboedov O21] at tree level)

1
Partial wave coefficients f;(s) o / dz (1—22)? Gglo)(z)Agn(s, t(2))

—1

Im fj (S)
6 |
10 ‘ 1 B
| | — =2
w0/ | ]
1 1 —J=3
Al I 10 10 : \ S ‘ : \ —_— ] = 4
most a | | \ | |
contributions from / [ | l R \_// \ | — =5
| | €/ |
SpiﬂS ]—l—]_ 5 S 10 12 | | | | | SR \,Z |
‘ | : | ‘ : : I ] — 6
PR | | PR | l 1 | S
0 1 2 3 4 5 6 7
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Forward limit, ¢ = 0

I Re AP(s,0) sin®(ms)
0.015
[ ™ The real part
[ suppressed by
0.003 ~2 orders of magnitude
[ 4
1 ] 1 ) 1 ] 1 1 1 ] 1 1 1 ] 1 1 1 ] 1 1 1 ] S
2 4 6 8 10 12

Error bars smaller than the line widths

(truncate at ¢ =~ 40 and extrapolate)
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=
/ - — |Im AP(s, —%)| sin*(7s)
L 1 2 ~~. Re AP(s, — 2] sin®(rs) Valu'es at integer s com-puted
g cscale  10° A\ T with arbitrary precision
- y ‘ (related to decay widths and
g4 . R " mass shifts)
1 % “\~ - ~
B A A ~—
106k 'V \~ A Exponential
S Vant® suppression
1d 8L
| | | S
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. . _ /
Heuristic arguments: AP /s ™% Jtee as o/ — 0o, where

Stree = slog(s) + tlog(—t) + ulog(—u) is the tree-level on-shell action

1.0¢

05l
10l
| 1.52‘
200

| 2.5F

0.5F

[Gross, Mende, Manes O87 - 89]

— Relog [AP(s, —%) sin®(ms)/ —8mtu/s] / Stree
Relog [AP(s, —%£) sin®(ms)\/—8mtu/s] / Siree

0.0f

<€— Exponential
suppression
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